COKPAIIIEHME *AKTOPHAJIOB 



B. B. 3yflj/iJmH 

B pa6oTe Hsy^aexcH apncfuvieTHi^ecKoe cbohctbo, noaaojiHiomee ycHJiMBaxt. 
HCKOTopbie TeopeTHKO-MHCJiOBbie oiteHKH. HsBecTHbie panee peayjibxaTbi hoch- 
jiH, KaK npaBHJio, KaT^ecTBeHHbiii xapaKiep. IIpHJioaceHHe nojiy^eHHbix b pa6o- 
Te KOJiH^iecTBeHHbix pesyjibTaTOB k KJiaccy o6o6meHHbix rHnepreoMexpHMec- 

KHX G-cjjyHKIIHH paCniHpHeT MHOJKeCTBO HppaiJHOHajIbHblX i^HCejI, HBJIHHDmHX- 
CK 3Ha^eHHHMH STHX (|)yHKIi;HH . 

BH6jiHorpa({iHH: 19 HasBaHHii. 



1. BBe^eHHe. BbiHeceHHoe b HaseaHHe CTaTbH apH(j)MeTHMecKoe cbohctbo He 
oSjia^aeT MHoroBeKOBOH HCTopHeft, xoth HeKOToptie ero npoHBJieHHH othocht- 
cfl K paspsiffy mKOJiL.HL.ix aa^a^^. 

IIphmep 1. OnepaTop D = d/dz ;];H{|){|)epeHLi,HpoBaHHfl no nepeMenHoii z 
nepeBo^HT kojil.li,o MHoroMJienoB Z[2] c Li;ejiL.iMH K09(|)({)HLi,HeHTaMH b ce5fl; cjie- 
^OBaTejiBHo, aTHM yKe cbohctbom o5jia;i;aiOT h onepaTopbi D", n = 0, 1, 2, . . . . 
KaK Hecjio>KHO noKaaaTL. (cm., nanpHMep, [1, rji. 4, jieMMa 7]), no^ /(eiicTBHeM 
onepaTopoB /n\ kojil.li,o Z[z] TaKJKe nepexo^HT b ceSa: 

1 I 

IIphmep 2. IIocjie^oBaTejiBHocTL. MHoroMJienoB 

(A)o = l, (A)„ = A(A-l)---(A-n + l), 7i = l,2,..., (1) 

co^ep>KHTCfl B KOJiL.Li;e Z[A]; snaMHT, npH Li;eJiL.ix A MHoroT^Jienbi (1) npHHHMaiOT 
Li;ejiL.ie sHaMeHHH. Ha caMOM ^ejie, sthm cbohctbom TaK>Ke oSjia/taiOT mhoto- 
T^jieHL.1 

An(A) = ^, n = 0,l,2,... (2) 

(cm., HanpHMep, [2, ot^. 8, rji. 2, sa^na^^a 84]), ne npHHa^Jie>KaLa,He npn ti ^ 2 
KOJiL.Li,y Z[A]. MnoroT^JieHL.! (2) nasBiBaiOTCH v,eji03HaHHUMU. 

IlycTL. nojie K - neKOTopoe ajireSpaH^^ecKoe pacniHpeHHe nojia Q pan;HOHa- 
jiL.HL.ix T^Hceji, Zjc - KOJibijo n;ejiL.ix nojia K. Bmbcto KOJ[L.Li;a Z[z] b npHMepe 1 

MO>KHO paCCMaTpHBaTL. KOJIL.Li;0 Zk[2;]: 

1 

: Zk[2] Zk[2;], n = 0,1,2,.... 



n! dz"^ 



Pa6oTa BbinojiHGHa npn ^acTH^Hoii noji^epacKe PoccHiicKoro c()OH/i;a (jjyHflaMeHTajibHbix 
HCCJie^OBaHHH (rpaHT 97-01-00181) h o6'bei];HHeHHoro npoeKxa (fiOH^ia HHTAC h Pocchh- 
CKoro (jjOHfla cj)yH/i,aMeHTajiL>HL.ix HCCJieAOBaHHH (rpanT IR-97-1904). 
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B.B. SyUHJIHH 



OnPE/];EJlEHHE 1. By^eM rosopHTb, mto onepamop D : K[z] K[z] ydoeAem- 
eopsrem ycAoeuio coKpam,emjM ^anmopuaAoe c nocmosmnoil ^ 1, ecjiH cymecT- 
ByeT nocjie^^osaTejibHOCTb naTypajibHux MHceji {V'fc}fceN TaKaH, mto 

V'fe— ^^[-z] ^Zk[2;], n = 0,l,...,A;, /c e N, h lim Vfc^'^ ^ 

77-! fe^oo 



TaKHM oSpasoM, cnpaBe^JiHBo cjie^iomee yTBepai^eHHe. 

JIemma 1. MjifT A%>6ozo aAze6pauHecKozo pacmupeHVM K noAfr Q onepamop 
d/dz: K[2:] ydoeAemeopsrem ycAoeuio coKpam,eHVM ^aKmopuaAoe c noc- 

mOfTHHOU 1. 

BbiSnpaH B npHMepe 2 A = a/b e Q, r;i;e a e Z h 6 e N BsaHMHO npocTLi, 
saMBTHM, ^iTO oSmHH SHaMenaTejib ^iHceji 



(A)„ a{a-b){a-2b)---{a- {n-l)b) 



n=l,2,...,/c, (3) 



paBBH Y\_p\ijP'^'^^^^ (cm. [1, rji. 1, jieMMa 8] hjih [3, m. I, npHJio>KeHHe] ) , r^^e 



Tp(/C) 



+ 



+ 



+ ■■• ^ 



(4) 



— CTeneHb BxojK/ieHHfl npocToro MHCJia p b k\ . TaKHM oSpasoM, oSmHH sna- 
MenaTejib ^iHceji (3) ne npeBocxo/iHT e^'^^^\ Tj\e 



p\b ^ 



N, 



(5) 



T.e. HMeeT reoMeTpn^iecKHH nopii;i;oK pocxa npn k — > oo. 

PasyMeeTCH, b Ka^ecTBe oSjiac™ onpe^ejienHH MHoroMJienoB (1) MomHO 
paccMaTpHBaTL. ajireSpaH^ecKoe pacniHpeHHe K nojia Q (hjih ^ajKe kojibiio 
KBa^paTHbix MaTpHii, c Koa(|)(|)Hii;HeHTaMH hs K, cm. /i,ajiee n. 4). Onpe^ejiHM 
cpa3y SHaMenameAh den A MHCJia A e IK KaK HaHMenbinee naTypajiBHoe b xaKoe, 
^TO b\ e Zk. 

OnPE/];EJlEHHE 2. By^eM tobophtl., mto djieMenm \ nojisr'K ydoejiemeopfrem 
ycAoeuTO coKpam,eHViM ^anmopuaAoe c nocmommou ^ 1, ecjiH cymecTByeT 
nocjie^^OBaTejiBHOCTb naTypajiBHux ^iHceji {V'felfeeN TaKaa, ^to 



(A), 



e Zk, n = 0, 1, . . ., A;, A; e N, 



H lim ^l'^ ^ 

fc— >oo 



r;];e chmboji {■)n onpe;];ejiHeTCH 4>opMyjioH (1). 
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JIemma 2. Pav,uoH(M,hHoe hucao A ydoejiemeopfrem ycAoeuto coKpam^eHusr ^an- 
mopuajioe c nocmomiHou he^^^\ zde b = den A, a 0yHKV,u}T x( • ) onpedeAfremcfr 
0opMyAou (5). 

Samemahhe. PaiiHOHajibHOCTb MHCJia A b jieMMe 2 cymecTseHHa. PaccMaT- 
pHBaii nojie K = Q(A) KoneMHOH CTeneHH x = [K : Q] ^ 2 h nojiaraH b ochobhoh 
jieMMe paSoTbi [4] ai = —X — 1, 6i = 0, m = mi = 1, m2 = 0, t = 1 — 
s = 1/6, nojiy^aeM cjie/iyiomee yTBep3*c^eHHe: djifr Jiio6ou nocAedoeameAbHocmu 
HamypaAbHux hucca {^/'/tj/teN maKou, umo 

i^k^e^K, n = 0,l,...,k, keN, 
nl 

eunoAHfremcfr nepaeencmeo 

i^k > C/c^^-^)^'^ ^ CA;2'^/^ keN, (6) 

z()e noAOJicumeAbHasr nocmosmHOfr C saeucum moAbKO om nucAa A. OijCHKa (6) 
03HaMaeT, mto b cjiy^ae Hppau;HOHajii.Horo A pocT o5in,Hx sHaMenaTejieH no- 
CJie^OBaTejiBHOCTH (2) npn A; — > oo no Kpaftneii Mepe (|)aKTopHajibnbm h tobo- 
pHTb o coKpani;enHH (|)aKTopHajiOB ne HMeex CMucjia. 

2. HcTopHji Bonpoca. IIpHMepbi, npHBe^ennbie b n. 1, MO>Kno c^HTaxB KJiac- 
CHMecKHMH. Ha caMOM ;;ejie, noniiTHe coKpam,eHue ^anmopuaAoe noiiBHJiocb b 
CTaTbe A. H. Fajio^KHna [5] h Sbijio CBHsano c coKpanienneM K03(|)(|)Hn;HenT0B 
jiHHeHHBix npM5jiH>Kaion];Hx {|)opM (npH5jiH>i<eHHH Ila^e) ^Jia TaK nasbiBaeMbix 
G-({)yHKn;HH b MeTo^e 3HrejiH-IIlH/i,jioBCKoro. HaMeK na 9to oScTOHTejibCTBo 
co^epH<HTCii B paSoTe K. Snrejia [6], c KOTopoii h 6epeT na^ajio yKasannuH 
MeTo;^. Bo ncex paSoxax, CBiisannbix c npHMenenneM MeTo;^a Snrejiii— IIIh;^- 
jiOBCKoro K KJiaccy G-(|)ynKn;HH h onySjiHKOBannux ;i;o noiiBJiennii [5], Smjih 
nojiyMenbi on;eHKH jiHHeHHL.ix (|)opM h MHoroMJienoB ot snaMenHii aTHx (|)yHKn;HH 
B pan;HOHajiL.HL.ix TO^^Kax, BejiHMHHa KOTopbix saBHcejia ot bbicotbi paccMaT- 
pHBaeMLix (|)opM (cm., nanpHMep, [7]). H HMenno ycjiOBHe coKpani;enHii (|)aK- 
TopnajiOB nosBOJiHJio nojiy^HTb o;i;Horo no^^KJiacca G-(|)ynKn;HH on;enKH 
MO^iyjieft MHoroMJienoB ot hx snaMenHii b TOMKax, BejiHMHna KOTopbix yme 
ne saBHcejia ot bbicotbi MHoroMJienoB. B [5] StiJia c(|)opMyjiHpoBaHa Teo- 

peMa o5 3(|)(|)eKTHBHOH On;eHKe JIHHeHHOH (|)OpMBI ot G-(|)yHKII,HH H3 o^Horo 

KJiacca, ^^OKasaTejibCTBO KOTopoft onySjiHKOBano b paSoTe [8]. B 1985 r. 
H. B. Hy;i;noBCKHH h F. B. Hy;i;noBCKHH [9] ;i;oKa3ajiH, ^ito ycjiOBHe coKpamie- 

HHH (|)aKTOpHaJIOB, C(|)OpMyjIHpOBaHHOe B [5], BbinOJIHHeTCJI ^Jlfl O^HOpO^HblX 

CHCTeM jiHHeHHMx ^H(|)(|)epeHn;HajiL.HL.ix ypaBHeHHii, KOTopbiM y^oBJieTBopaiOT 
G-(j)yHKii,HH. B [3, rji. VI, §4] Hecjio3*CHoe o5o5in,eHHe KOHCTpyKLi,HH Hy^- 
HOBCKHx nosBOJiHJio pacnpocTpaHHTb 9TO ycjiOBHe na neo;i;nopo;5nLie CHCTeMu 
jiHneiinBix ;^H(|)(|)epenn;HajibnBix ypannenHii. 

HecMOTpa na nojio>KHTejibHoe pemeHHe npoSjieMbi coKpameHHH (|)aKTopH- 
ajioB ^Jia G'-({)yHKLi,HH, nocTOHHHaa, c KOTopoS npoHcxo/iHT 9TO coKpame- 
HHe, "^ajieKa ot coBepmencTBa" . 9to oScTOHTejibCTBo CBHsano c tgm, ^to 
KoncTpyKn;Hii Hy;^noBCKHx Hcnojibsonajia nocTpoennii c noMomibio npnnniHna 
HHpHXJie, HMeion];ero cjinniKOM Sojibmoii sanac npo^nocTH. B nacTOiimieH 
paSoTe npHBo^HTCH HOBoe pemenHe yKasanHoii npoSjieMBi ^Jia o5o5n];eHHBix 

Ji „Ji ri n c 1 ol _ 
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B.B. SyUHJIHH 



Ka^ecTBe rHnoTesu. Hame AOKasaTCJibCTBO onnpaeTCii na TO^HLie nocTpoeHHii 
H no9TOMy ;i;aeT Sojiee TO^nyio oii;eHKy nocTOiiHHOH, c KOTopoii npoHCxo^^HT 
coKpameHHe (|)aKTopHajiOB. TeopeTHKO-^HCJiOBoe npHMenenHe nojiy^enHoro 
pesyjiBTETa pacniMpaeT MHOJKecTBO HppaiiHOHajibHLix ^Hceji, iiBJiiiiomHxcii 
SHaMeHHHMH THnepreoMeTpH^ecKHx G-(|)yHKu;HH. 

Onpe;i;ejiHM KJiacc G-^ymmmvi, HMeiomnx paii;HOHajibHbie K03(|)(|)Hii;HeHTBi 
B pa3Jio>KeHHH Teftjiopa b OKpecTHOCTH Hyjiii. CKa>KeM, ^ito coeoKynnocmb 

oo 

fji^) ^^fjnz'', J = TO, /in e Q, j = l,...,m, n = 0, 1,..., 

n=0 

(7) 

npuHadAejfCum KJiaccy G(C, $), ecJiH (j[)yHKLi,HH (7) anajiHTHMKL.! b Kpyre \z\ < C 
H cymecTByeT nocjie^oBaTejibHOCTL. HaTypajiL.HL.ix mhcbji {fk}ke'M Tanaa, mto 

ipkfjn^^, j = l,...,m, n = 0,l,...,k, keN, h lim (^^^'^ ^ $. 

fc— »oo 

C(|)opMyjiHpyeM xenepL. ycjioBHe coKpamennji (|)aKTopHajiOB CHCxeM 
jiHHeHHbix ^H(|)(|)epeHu;HajibHbix ypaBHeHHH 

d ^ 

dz 7^1 (8) 

Qlj = Qlj{z) & Q{z), Z = l,...,m, j = 0, ...,m, 

KOTopbiM y^^OBJieTBopaiOT G-({)yHKn;HH (7). 

IlycTB MHoroMJien T{z) G Q[z] - snaMenaTejiB pari;HOHajibHLix (|)yHKii;HH co 
CTapniHM Koa(()({)HLi;HeHTOM paBHbiM 1: 

T{z)Qi,{z) eQ[zl / = !,.. .,m, i = 0,...,m. (9) 

Hs (8) cjie^eT, mto ^jih npoHSBo^HBix nopa^Ka n, n = 1,2,..., hmgiot 
MecTO cooTHomeHHa 

= <5ff + J]Q|,^Vi, i = i,...,m, 

j=i (10) 
QIJ' =Q!?(^) eQ(^), / = !,.. .,m, j = 0,...,m. 
HecjioHiHbie BbiKJia^KH noKasbmaiOT cnpaBe^JiHBocTb cjie^yiomnx peKyppeHT- 

HLIX COOTHOmeHHH: 

, m 

Z = l,...,m, i = 0, l,...,m, n = l,2, 

no9TOMy 

T-(;^)Qj;](^) = T{z)^^{T--\z)Q^;;-'\z)) - (n - l)T'(^) • T--i(^)gl;-^l (^) 

m 

+ J2T''-\z)Qt-'\z)-T{z)Qr,{z), 

r=l 

Z = l,...,m, j = 0, l,...,m, n=l,2, .... 
OTCio;i;a, B ^lacTHOCTH, cjie^iyeT, ^ito 

T''{z)Q^;;\z)eQ[z], 1 = 1,. ..,m, j = 0,...,m, n = l,2,... . 



COKPALUEHME 3>AKTOPHAJIOB 



5 



OnPE/];EJiEHHE 3. By^eM roBopHTb, mto cucmeMa AuneuHUx du0^epeHv,ua- 
AbHux ypaeneHuu (8) ydoeAemeopsrem ycAoeuio coKpatnemifr ^anmopuaAoe c noc- 
mosTHHOu ^ 1, ecjiH cymecTByiOT naTypajibHue MHCJia {V'felfceN TaKHe, mto 



V^fe Z'' e Z[z] 



I — 1, ... ,m. 



nl 



0, . . . ,m, n = 0, 1, . . . , /c, k eN, 



lim ip 



YcjiOBHe coKpameHHii (|)aKTopHajiOB a^jisi CHCTeMu (8) BunojiHiieTCii, BooSme 
roBopa, TOJIL.KO ecjiH eft y^i;oBJieTBopiieT naSop jiHHeftno nesaBHCHMbix uaji 

C{z) G-(|)yHKLI,HH. rio^oSHbie CHCTeML.1 OTHOCHTCH K KJiaCCy CHCTeM ^H{|)(|)e- 

peHiiHaJibHBix ypaBHeHHH (|)yKCOBCKoro rana. C tot^hoctl.io MepoMop(|)Horo 
npeoSpasoBaHHii npocTpancTBa pemenHft MaTpHija K09(|)(|)Hu;HeHT0B Q{z) = 
{Qlj{^))ij CHCTeMbi (8) (|)yKCOBCKoro THna HMeex bh;^ 

Q{z) = -^Ai + ■■■ + -^As, (12) 
2; - 7i z-^s 

rjifi 7i, . . . , 7s — peryjiHpHbie ocoSeHHOCTH CHCTeMbi (8) , Ai, . . . , Ag — ^iHCJiOBbie 
MaTpHrtbi (cm. [11, saMe^aHHe k §2.4]). B cjiyMae (12) sHaMenaTejib cooTBex- 
CTByiomeft CHCTeMbi (8) paBCH T{z) = {z — 71) ■ ■ ■ {z — 7^). 

3. CoKparneHHe (J)£iKTopHajioB ^jih ^(()(()epeHii;iiajiBHux onepaTopoB. B 

9TOM nyHKTe ml.i Hccjie^yeM chho oSoSmeHHe onepaTopa ^H{|){|)epeHn;MpoBaHHH 
d/dz, /iJiH KOToporo TaK>Ke BbinojiHeHO ycjiOBHe coKpameHHH cj^aKTopHajioB. 

IlycTt. K - ajireSpaHT^ecKoe pacniHpeHHe nojia Q. PaccMOTpHM /tH(|)(|)epeH- 
rtHajibHBift onepaTop 

D = -^ + -, XeQ. (13) 
dz z 

OnepaTop T{z)D, r^e T{z) = z, nepeBcuHT KOJibii;o K[z] b ceSii, b to BpcMii KaK 
caM onepaTop D OTo5pa>KaeT K[z] b ]K{z). no9TOMy mbi hcckojibko pacmnpHM 
oSjiacTb ^eftcTBHH onpe/iejieHHH 1. 

OnPE/iEJlEHHE 1' . 3Ha„M,eHameAeM onepaTopa D : ]K(z) — ^ 'K{z) mm nasoBeM 

HCTpHBHaJIL.HL.lft MHOLO^JICH T{z) G ^.[z] HaHMeHBIHeft CTeHCHH CO CTapmHM 

K09(|)4)HLi;HeHTOM paBHMM 1, fl^iisi KOToporo T{z)D: K[z] — > Klz]. Byfl^em ro- 
BopHTb, ^iTO onepamop D ydoeAemeopfrem ycAoeuio coKpatneHiLfr 0aKmopuaAoe 
c nocmo^fTHHOu ^ 1, ccjih cymecTBycT nocjie;i;oBaTejibHOCTb naTypajiBHLix 
^iHceji {V'felfceN TaKaH, ^to 

V'fe — : Zk[z] ^ Zk[z], n = 0,l,...,A;, keN, h lim 

77-! A;— >oo 



JIemma 3. JJ^fT du^^epeHVi,uaAhHozo onepamopa (13) cnpaeedAueu moofcdecm- 



ea 
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B.B. SyUHJIHH 



zde cuMeoA ( ■ )i onpedeAfremcsr (popMyjiou (1). 

XlOKASATEJibCTBO. IIpH n — 1 ({)opMyjia (14) coBna^aeT c onpe^ejieHHeM 
(13) onepaxopa D. IIojiaraH, ^to (|)opMyjia (14) cnpaBe;i;jiHBa neKOToporo 
HaTypajibHoro n, HMeeM 



nn+i = M + nn ^ A V 1^^^ + ^ V (^^^ i^' 

^ ^ /=o ^ ^ z=o ^ ^ 



n 



{X)i d^+i-^ v-V " A (-^); d""^^'^ 



^ fn\ {X)i d-+'-^ f n \ {X)i d-+'-^ 

1=0 ^ ^ 1=1 ^ ^ 

(n + 1\ d-+'-^ 
I J z^ dz'^+^-^ ' 



TeM caMMM, (|)opMyjia (14) cnpaBe^^JiHea h ^^Jiii n+ 1. CorjiacHO npHnmnny 
MaTeMaTHMecKoii HH;iyKri;HH ona Bepna ^^Jiii Bcex HaTypajibHLix n. JleMMa 
^OKasana. 

Xlojibsyacb onpe;i;ejieHHeM SHHOMHajibHux K03(|)(|)Hii;HeHT0B, h3 jicmmbi 3 
nojiy^aeM tok^^bctbo 



n\ f-' l\ {n-iy.dz^-i' 



1=0 

IIpHMeHHH Tenepb ycjioBHH coKpameHHH (|)aKTopHajioB ^jih onepaTopa d/dz 
(jieMMa 1) H paiiHOHajibHoro MHCJia A (jieMMa 2), nojiy^aeM cjie^iyiomee yxBep- 
>K;^eHHe. 

Teopema 1. JJu0^epeHV,uaAbHuu onepamop (13) ydoeAemeopsrem ycAoeuio co- 
Kpam,eHVjr ^aKmopuanoe c nocmofmHou be^^''\ zde b = den A, a ^yHKi^iLfr x( ' ) 
onpedeAfremcsr ^opMyAou (5). 

JieMMa 3 jierKO oSoSmaeTCil na cjiy^aii ;5H(|)(|)epeHri;HajibHoro onepaTopa 

^= T- + ^^ + --- + ^^' Ai,...,A„7i,...,7, eQ, (15) 
dz 2; - 71 2; - 7s 

CO SHaMenaTejieM T[z) — (-2 — 71) • • • (;2 — 7s)- yKa>KeM cooTBeTCTByiomHe 
TO>K;;ecTBa Ses ^^OKasaTejibCTBa. 



ea 



JIemma 4. MJi'fT du^^epeni^uaAbHozo onepamopa (15) cnpaeedAueu mooicdecm- 

n-= V »! (A.)„. . (A.)„ ^ 

^ no!ni!---ns! (2;-7i)^i (2; - 7^)^^ ^2;"° ' 

no+niH |-ns=n 
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CorjiacHO jieMMe 4 BunojiHeHO 

T''{z)D'' 



J2 (^-7ir""^---(^-7.r""= 



nl 

no,ni,...,ns>0 
no+niH \-ng=n 

77-1 ! TT-s! no! 

a BHai^HT, ^H{|)(|)epeHii;HajiL.HBiH onepaTop (15) TaioKe y^^OBJieTBopiieT ycjiOBHio 
coKpameHHH (|)aKTopHajioB. 

Teopema 2. JJu^^epeHV,uaAbHuu onepamop (15) ydoeAemeopsrem ycAoeuio co- 
KpavUiemifT (panmopuaAoe c nocmosmHou qbe^^^\ zde q - npouaeedenue majue- 
HameAeu hucca 71,..., 7^, b — den(Ai, . . . , As) - HauMeubmuu o6m,uu anaMena- 
meAb HuceA Ai, . . . , Ag, a ^yHKi^ufr x{ " ) onpedeAfremcfr ^opMyAou (5). 

4. CoKpameHHe (J)ciKTopHajiOB ^jih KBa^aTHbix MaTpHn;. HMCJioByio KBa^- 
paTHyio MaTpHiiy A pasMepa m mo»cho no^CTaBHTL. b jiioSoh MHoro^Jien; b 

^aCTHOCTH, 

(^)o = E, = A{A-E)---{A-{n- 1)E), n = 1, 2, . . . , 

r^e E - e^HHHMHaa MaTpHiia pasMepa m. Ecjih Bce ajieMeHTbi MaTpHiibi A 
npHHa^jie3*caT ajireSpaHMecKOMy pacinnpeHHio K nojia Q, to Bnojine ecTecT- 
BeHHbiM HBJiHeTCH cjie^iyiomee onpe^iejienHe. 

OnPE/];EJTEHHE 2'. CKajKeM, hto Mampuv,a A c 9JieMeHTaMH hs K ydooAem- 
eopfrem ycAoeum coKpavj^enusr ^aKmopuaAoe c nocmofmnou ^ 1, ecjiH cymecT- 
ByiOT HaTypajiBHue ^iHCJia {V'fclfeeN TaKHe, ^to gjieMenTbi MaTpnn; 

V'fe^, n = 0,l,...,fc, ken, 

npHHa;i;jie>KaT Zk h 

fe^oo 

JIemma 5. EcAU Mamput^a A ydoeAemeopfrem ycAoeuio coKpaw^eHim ^aKmo- 
puGAoe c nocmofTHHOu ^, mo meM ofce ceoucmeoM o6Aadaem Mampuv,a TAT~^, 
zde T - npouaeoAbHOfr neebipootcdennoH Mampuv,a, aAeMenmu Komopou - aAze- 
6pauHecKue uucAa. 

XlOKASATEJibCTBO ocHOBano Ha npHMeneHHH BJieMeHTapnoro TOK^^ecTBa 
(TAT-^)'' ^TA^'T'^, n = 0,1,2,..., 
OTKy/ia, B ^lacTHOCTH, cjie/iyeT, mto 

{TAT-^)n ^ {A)n y n = ni.2 
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EcjiH ti,t2 — HaHMeHbmHe oSmne SHaMenaTejiH gjieMeHTOB MaTpHn; T,T~ co- 
OTBeTCTBeHHO, a {ipk}k€N ~ nocjie;i;oBaTejibHOCTb h3 onpe^^ejienHii 2' Max- 
pnribi A, TO B Ka^ecTBe cooTseTCTByiomeH nocjie;i;oBaTejii>HOCTH ^^Jiii Max- 

pHn,BI TAT~^ MO>KHO B3iITb {tlt2'4'k}keN- OCTaJIOCb SaMeTHTb, ^ITO 



lim {tit2ipkY^^ = lim ^ 



i/k 



JleMMa ;i;oKa3aHa. 

Hs jieMMM 5 cjie^iyeT, ^ito coKpamenne (|)aKTopHajiOB h BLi^iHCJieHHe noc- 

TOilHHOH, C KOTOpOH OHO npOHCXO^^HT, ^OCTaTO^HO ;i;OKa3aTb MaTpHHIBI, 

HMeiomeii >Kop;5aHOBy HopMajibnyio (|)opMy. 

JIemma 6. Ilycmb Mampuv,a A cocmoum U3 otcopdanoeux KAemoK Ai, . . . , As, 
pacnoJiootceHHUx edo/ib zjiaenou duazonaAU u omeeuaiow^ux (we odfrsameAbuo paa- 
auhhum) co6cmeeHHUM anaueHUHM Ai,...,As coomeemcmeeHHO. Tozda Mam- 
puv,a An{A) — {A)n/n\ cocmoum moAbKO U3 KAcmoK A„(Ai), . . . , A„(As), pacno- 
AootceHHbix edoAb zjiaenou duazoHanu, npuucM 



An{Ai 



A„(A,-) ^Ai'^A,; 

An{Xj) 



\ 



\ 







/[OKASATEJlbCTBO. 9to yTBep>KAeHHe xopomo HSBecTHo. Bojiee Toro, oho 
ocTaeTCH BepHbiM, ecjiH saMenHTb MHoro^Jien A„( ■ ) na jiioSyio ^pyryio (|)yHK- 
nj/iK) anajiHTHMecKyio b Kpyre \z\ < C, co^epjKameM coScTBenHtie snaMenHH 
Ai,...,As (cm., nanpHMep, [12, rji. 5, §1, npHMep 2]). 

3AMEMAHHE 1. KaK cjie^nyeT h3 jieMMbi 6, na rjiaBHOH ^HaronajiH MaTpHiibi 
An{A) cTOiiT ^iHCJia A„(Ai), . . . , A^(As); b cooTBeTCTBHH c saMe^aHHeM k jibm- 
Me 2 o coKpameHHH (|)aKTopHajiOB MaTpHH;bi A mo>kho tobophtb Jinnib b 
CJiy^ae paii;HOHajiL.HL.ix Ai, . . . , Ag. nosTOMy b ^ajibHeftmeM mm orpaHHi^HMCH 
paccMOTpeHHeM pav,uoHajibHbix Keadpamnux Mampuv,, co5cTBeHHL.ie snaMeHHa 
KOTopbix paii,HOHajit.Ht.i. SnaMeHamejieM den A paiiHonajibHOH MaTpHii;t.i A na- 
30BeM HaHMeHbniHH oSmHH SHaMenaTejib ee coScTBenHux sna^eHHii. IIpH 3tom 
MaTpHri;a hA ne oSiisaTejibHO HMeex ixejiOMHCJieHHbie BJieMenTbi; npHMepoM 
cjiy>KHT MaTpHita 

(1/2 1/2 A 
Vl/2 1/2 y*' 

SHaMenaTejii. KOTopoii paBen 1 (ee coScTBenHbie SHa^eHHa 0,1). 

3AMEMAHHE 2. Hjih Ka>K^oro coScTBennoro snaT^enHa A; paiiHonajibHoii 
MaTpHiiBi A onpe^ejiHM naTypajiBHoe mhcjio r; KaK MaKCHMajibHbiH pasMep 
»;op^aHOBOH KJieTKH, OTBe^aiomeft coScTBennoMy sna^eHHio A/, b HopMajibHoft 

(|)OpMe MaTpHIXbl A. OxMeTHM, MTO 
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HaSMBaeTCil MUHUMCUlhHUM MHOZOUAtHOM MaTpHU;i,I A; OH ^eJIHT JIIOSOH MHO- 

ro^jien P{X) TaKoii, mto P{A) = 0. B ^acTHOCTH, corjiacHO TeopeMe FaMHJib- 

TOHa-KsJIH MHHHMaJIbHblH MHOrO^JieH ^eJIHT XapaKTepHCTH^eCKHH MHOrO^JieH 

det(A — \E) MaTpHii;!.! A. KpoMe Toro, ecjiH M. - MaTpHiia, TpaHcnoHHpoBaH- 
Haa K MaTpHite A, to MHHHMajibHtie (xapaKTepHCTHMecKHe) MHoroMJieHbi MaT- 
pHii; ^A VI A coBna;];aiOT. 

JIemma 7. Ilycmb X E Q, b — den A E N u r E N. Tozda HauMeubmuu odiu^uu 
3HaMeHameAb -^fc, e N, hucca 



0,l,...,r-l, n = 0,l, 



deAum 



p\b 



zde dk - nauMeubmee o6vji,ee Kpamnoe hucca 1,2, ... ,k, aTp{k) - cmeneub exootc- 
denvM npocmozo hucag p e k\ (cm. (4)). 

/[OKASATEJibCTBO. HojiaraH B TeopeMe paSoTu [13] L = H = k, Q = b, 
X = —bX, M = r — 1, A = 1, nojiy^aeM TpeSyeMoe. 

Hs jieMMbi 7 Henocpe;i;cTBeHHO cjie;^yeT 

JIemma 8. Ilycmb b = den(Ai, . . . , A^) - HauMeubmuu o6m,uu maMenameAb 
HuceA Ai,...,As e Q; ri, . . . , e N, r = max/{r;}. Tozda HauMeubmuu o6m,uu 
maMenameAb i(^k, k eN, uuceA 



l^^ri\Xi) 



deAum 



j = 0,l,...,ri-l, l = l,...,s, n=0,l,...,k. 



b''di-^Y[p^^^''\ 
p\b 



zde dk - HauMCHbiuee o6iu^ee Kpamnoe HuceA 1,2, ... ,k, a Tp{k) - cmenenb exoofc- 
denufr npocmozo uucAa p e kl . 



05te;i;HHiiii pesyjiBTaTLi jieMM 5, 6 h 8, nojiy^aeM cjie^iyiomee yTBep>K;^e- 



HHe. 



JIemma 9. Ilycmb (17) - MunuMaAbHuu mhozohach pav,uonaAbnou Mampu- 
v,bi A; r — max;{n}; b — den A; ti,t2 - nauMCHbrnue o6m,ue snaMcnamcAU 
aACMcnmoe Mampuv, T, coomeemcmeenno, zde T - Mampui^a nepexoda om A 
K ee ofcopdanoeou nopuaAbnou ^opue. Tozda nauMenbiuuu o6vji,uu maMenameAb 
'4>ki k eN, aACMcnmoe Mampuv, 

An{A), n^O,l,...,k, 

dcAum 



tihb''dl-^Ylp^-^''\ 
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zde dk - HGUMeHbiuee o6m,ee Kpamnoe hucca 1,2, ... ,k, a Tp{k) - cmeneHb exootc- 
denusT npocmozo hucag p e k\ . 



C y^ieTOM npe^ejibHMx cooTHomeHHii 



lim dl/'' 

A;— >oo 



e, 



p\b 



l/k 



(18) 



H saMeMaHHH 2 k jieMMe 6 nojiy^^aeM cjie^yiomee oKOHMaTejibHoe yTBep>K^eHHe. 
Teopema 3. Ilycmb mhozohach 

P{X) = (A - X,Y^{X - • • • (A - XsY% Ai, . . . , A, e Q, A,- ^ A^, j ^ I, 

(19) 

aHHyAupyem Mampuii,y A {nanpuMep, -P(A) - MUHUMaAhHuu uau xapaKmepuc- 
muuecKuu MHOzoHAen); b - HauMeubmuu o6m,uu maMenameAb hucca Xi,...,Xs 
{sHaMenameAb Mampui^u A); r = max.i{ri} - MaKCUMaAbuofT KpamHocmb ko- 
pneil MuozoHAena (19). Tozda Mampuu,a A ydoeAemeopfrem ycAoeuio conpatjueHiLfr 
^anmopuaAoe c nocmo$mHou he^^^^'^'^~^ , zde ^yHKi^iur x( " ) onpedeA$remc$r ^op- 
MyAou (5). 

5. CoKpameHHe (J)£iKTopHajioB ^jih chctcm /];(i(()({)epeHi];iiajiBHbix ypas- 
HeHHH (|)yKCOBCKoro THna. BepneMca k Bonpocy, o5cy>i<^aBmeMyca b n. 2. 

PaCCMOTpHM CHCTeMy JIHHeHHblX ^H(|)(|)epeHLI,HaJIL.HL.IX ypaBHeHHH (8) (j[)yK- 

coBCKoro THna h cooTBeTCTByiomHe CHCTeMu (10) ^jih npoHSBo^HBix nopa^Ka 
n, n = 1, 2, . . . ; MHoro^Jien T{z) = (2; — 71) • • • (2; — 7s) BLiSepeM b cooTBeTCTBHH 
c (9). HonojiHHM MaTpHii;Bi Heo;i;Hopo;i;HBix chctcm ;i;o KBa^^paTHux nyjieBLiMH 

CTpOKaMH: 



Q{z) = 



/ 

Qio(^) Qii{z) 

Q20{z) Q2l{z) 



\ 

Qlm{z) 
Q2m{z) 



(20) 





Qml{z) ... Q 


ramkz) / 


/ 


\ 




qS(-) Q^ihz) 


••• Qtliz) 






••• Q^^iiz) 


n=l,2, 




• • • Qnirn^Z^ ) 





H nepennmeM peKyppenTHbie cooTHomenHa (11) b MaxpH^iHOM BH^^e: 
= + Q^''-%)Qiz), n = l,2,.... 



OTKy^a 



*qM{z) = +tg(^)*g[— 1](^) 



dz 



+ 'Q{z) W^-'^{z) 



= (^ + 'Qiz)] E, 



n= 1,2,..., 



(21) 
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r;i;e E - e;i;HHH^iHaii MaTpHija pasMepa m+1. 

Hcnojibsyii pa3Jio>KeHHe (12), paccMOTpHM ;i;H(|)(|)epeHri;HajibHLiH onepaTop 

D = -^ + —^'Ai + • . . + -^'As, (22) 
02; 2; - 71 -2 - 7s 

r^e Ai, . . . ^ As - paiiHOHajiL-Hbie MaTpHiiBi. Onpe^ejiMM ycjioBHe coKpameHHH 
(|)aKTopHajiOB jxjisi onepaTopa (22), saMenjia KOJibito 1j-^[z\ na {'L^[z\)^'^^^^^^'^^^^ 
B onpe/iejieHHH 1'. 

JIemma 10. Ecjiu onepamop (22) ydoeAemeopsrem ycjioeuw coKpaui^eHUfr (pan- 
mopuaAoe c nocmosTHHOu mo cucmeMa du^^epem^uaAbHux ypaeneHuu (8) niaK- 
ofce ydoeAemeopsrem ycAoeuio coKpatnemur ^anmopuaAoe c nocmosmnou ^ . 

X[OKA3ATEJlt>CTBO. CorjiacHO cooTHomeHHHM (21) BBinojiHeHO 

^Q^^\z) = D''E, n=l,2,.... (23) 

EcjiH {V'fejfceN ^ nocjie^oBaTejiBHOCTB h3 onpe^ejieHHH coKpameHHH (|)aKTopH- 
ajiOB onepaTopa Z), to h3 (23) cjie/tyeT, mto MaTpHitbi 

^ T^{z)H^^\z) ^ n = 0,l,...,/c, /ceN, 

HMeiOT itejio^HCJieHHLie BJieMenTbi. OTCio;i;a nojiy^aeM yTBepH{;i;eHHe jieMMLi. 

K coKajieHHK), jieMMa 4 nenpHMenHMa k ;i;H(|)(|)epeHri;HajibHOMy onepaxopy 
(22) p^jisi npouseoAbHux MaTpHu; ^1, . . . , TO>K;];ecTBa 



T'^{z)D' 



no,ni,...,ns^O 
no+niH \-ng=n 



^ (^-7i)"-"^---(^-7.r 



X ^ ••• ^ • — , neN, (24) 



s • 



cnpaBe^^jiHBLi tojibko b cjiy^ae nonapno KOMMymupywvj^ux MaTpHn; Ai, . . . , A 

y^iHTMBaii (24), jieMMy 9 h orteHKH (18), nojiy^aeM cjie^^yiomee yTBep»;;i;e- 
HHe. 

Teopema 4. Uycmh s = 1 uau MampuUiU Ai, . . . ^Ag nonapno KOMMymupyiom 
e CAynae s ^ 2; Ai,...,Ap e Q - co6cmeennue ananenufr pav,uonaAbnux Mam- 
pun, h = den(Ai, . . . , Ap); Vji ^ 0, j = 1, . . . ,p, / = 1, . . . , s, - npam- 
nocmb codcmeennozo anauenuH Xj e MunuMaAbnoM {xapaKmepucmuuecKOM) mho- 
zoHAene Mampuvi,bi Af, r = maxj /{r^/} - MancuMaAbnafr Kpamnocmb codcmeennux 
ananenuu. Tozda onepamop (22) ydoeAemeopfrem ycAoeuio coKpatjuenufr 0aKmo- 
puaAoe c nocmoMHHOu he^^^^^'^~^ , zde ^ynKi^ufr xi') onpedenena ^opMyAou (5). 

CorjiacHO jieMMe 10 h3 TeopeMLi 4 BLiTeKaex cjie^iyiomee yTBep>K;5eHHe. 

Teopema 5. Ilycmb Mampu%j,a (20) cucmeMu Auneunux du^^epeHv,uaAbHbix 
ypaenenuu (8) UMeem eud (12), zde Ai,...,As - pavi/UonaAbnue nonapno kom- 

MymupywuifUe Mampuv,bi. OdomauuM nepea b nauMenbrnuu o6w,uu maMenameAb 
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amux co6cmeeHHUx SHaueHuu e MUHUMGAbHUx (xapaKmepucmuHecKux) mhozo- 
HAenax dannux pav,uoHaAbHux Mampuv,. Tozda cucmeMa (8) ydoeAemeopfrem 
ycjioeuTO coKpam,eHUST ^aKmopuajioe c nocmommou 

Samemahhe. B cjiy^ae paniHOHajibHLix, ho ne KOMMyTHpyiomnx nonapno 
MaxpHii; A\,...,Ag Ka^ecTseHHoe pemenHe Bonpoca o coKpameHHH (|)aKTopH- 
ajioB ^Jia ^H({){|)epeHii;HajiL.Horo onepaxopa (22) ocTaeTCii OTKpbiTbiM. HtoSli 
nojiy^HTb oSoSmeHHe TOHi^ecTB (16) ^jih onepaTopa 



+ 



+ ••• + 



dz 2; - 71 

onpe;i;ejiHM MaTpHii;Ki (^1, . . . , As)ni n = (^^-i, • • • , ns), no HH^^yKitHH, nojiaraii 

{Ai, ^2, . . . , As)ni,n2,...,ns 

' 0, ecjiH n ^ (Z+)*, 
ecjiH n = 0, 
(Ai-ni + l)(Ai,A2,...,A,) 

ni — l,n2,.--)'^s 

+ (A2 - n2 + 1) (Ai, A2, . . . , As)ni,n2-l,...,n3 ^ 

+ (yls-^s + l)(^l,^2,---,^s)ni,n2,...,n3-l, eCJIH n G (Z+)^ 

EcjiH MaTpHii;t.i Ai , . . . , nonapHO KOMMyTHpyiOT, to 



(25) 



(Ai, . . . , — — — j — '- ■ {Ai)n-L ■ ■ ■ i^s 



n= (ni,...,ns) G (Z+)^ 



(26) 



Hn^KitHeH no k HecjioH<Ho ^OKasaTb Toa<^ecTBa 



{Ai + --- + A,)k^ /c = 0,1,2,..., 

|n|=A; 



r^e n = ni H h n^, h 



(Ai, . . . , Ag)^ 



\n\=k-l 



{z — 7i)"'i ■ ■ ■ {z — js)"'" ) dz^ 



k = 0,1,2, 



;;H(|)(|)epeHii;HajibHoro onepaxopa (25). B ^lacTHOCTH 

(Ai, . . . , As)n 



D^E 



E 



ne(Z+)' 
|n|=fc 



(2-7i)"i •••(2-7,)^ 



/e = 0,1,2, 



(27) 
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6. IIpHJiojKeHHe K oSoSrqeHHMM rianepreoMeTpH^ecKHM ({)yHKii;iijiM. 05- 

oSmeHHaii rnnepreoMeTpH^iecKaii ^ysKujiSi 



(j; 1 , . . . , '--i-rn 



Pl,...,Pm^{-l,-2,...}, 



y;^OBJieTBopiieT jiHHeftHOMy ;i;H(|)(|)epeHii;HajibHOMy ypasHeHHio [14, rji. 5, §1, 
jieMMa 1 npH t = 1] 



nopii^pca m. 
Hjiii (|)yHKii;HH 

f,{z)=f{z), f2{z)^5h{z), fm{z)^5fm-l{z) (29) 

nojiy^aeM cHCTeMy jiHHeHHbix ^H(|)(|)epeHi];Hajii.Hbix ypasHeHHii 



d 1 

—yi = -yi+i, Z = l,...,m-1, 

az z 

d ai{P)-zai{a) a2{P) - za2{a) 

j-,ym = _ 1) ym + _ 1) y--^ + m 

H 7 Vi - 



z{z-l) z{z-l)' 
r^e ai{-), I = 1, . . . ,m, — cHMMeTpHMecKHe MHoroMJieHbi BneTa CTeneHH /, T.e. 

{z + ai){z + a2)---{z + am) = z"" + ai{oL)z"'~'^ H h am-i{oL)z + a-^(a), 

(z + p^){z + p2)---iz + Pm) = z'^ + ai(/3)2;— 1 + • • • + am-mz + aM- 

(31) 



C y^eTOM 



am - zai{oc) ^ am - ai{oc) ai{(3) 
z{z — 1) z — 1 z 

1 _ 1 1 

/ -1 \ -1 
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nepennmeM CHCTeMy ^H(j)4)epeHi];HajibHbix ypaBHenHH (30) b MaTpHMHOM BH;i;e: 



d 
dz 



/ 
1 


1J^ 






/ \ 








/ \ 










cf ^ 




1 







1 























+ 














y 


m— 


1 


z 







z — 


1 











\ 


Vm 


) 




V^m(/3)/ 


















/ 





1 













/ yi 


\ 


1 












1 









y2 




z 



















1 


ym-i 






V- 




-a-^_i(/3) 






a2(/3) -ai(/3)/ 


V ym 


J 



( 



+ 



z-\ 


















\ ( \ 

2/2 



... 

\(Jm{^) - (ym{0L) ... (72(/3) - Cr2(a) (7i (/3) - (Ti (a) / 



\ ym ' 

(32) 



TeopeMa 5 k CHCTeMe (32) nenpHMenHMa, TaK KaK OTBe^iaiomHe peryjiap- 

HMM OCoSeHHOCTilM Z = H Z = 1 MaTpHBIbl HB KOMMyTHpyiOT. Ho Mbl H He 

CTaBHM itejiH coKpamumb 0aKmopuaAU CHCTeMbi (32). ToMHoe Bu^iHCJieHHe 
nocTOHHHoii, c KOTopoii npoHcxo^HT coKpameHHe ({)aKTopHajioB ^jih rnnep- 
reoMeTpHMecKoro ^H(|)(|)epeHn;Hajit.Horo ypaBHenHH, nocjie paSoTbi [9] CTajio 
HeaKTyajiBHBiM: HCHOJibSOBanHe npH5jiH>KeHHH Ila^^e BToporo po;^a (BMecTO 
nepBoro) b Ka^ecTBe npHSjiHHcaiomHx (|)yHKri;HOHajibHBix (|)opM ;i;aeT BOSMom- 
HOCTL. coKpamaTL. ({)aKTopHajiL.i 5e3 ^onojiHHTejibHMx ycHJiHH (cm. [9] H [15]). 
Hama iiejib — nocHHTaTb nocTOHHHyio, c KOTopoii npoHCxo/iHT coKpamenHe 
(|)aKTopHajioB ^jiH CHCTeMbi jiHHeiiHbix ^H(|)(|)epeHii,HajibHbix ypaBHenHH, co- 

npiI>KeHHOH K 0;i;HOpO;i;HOH ^laCTH CHCTeMbi (30); 9T0 ndkCT B03M0>KH0CTb Bocno- 
JlbSOBaTbCil OCHOBHOH TeOpeMOH H3 [16] H HOJiy^HTb OIieHKH Mepbi HppaiiHOHa- 

jibHOCTH 3HaMCHHH rHHeprcoMCTpHMCcKOH (|)yHKii;HH (28) (5e3 nocjie;];oBaTejib- 

HblX npOH3BO/];HbIx) B pan,HOHajibHbix TOMKaX. 

ConpHj*ceHHaH cHCTeMa ^jih o5in,ero cjiy^^afl (8) nojiyMaeTca TpancnoHnpo- 
BanneM h CMenoii 3HaKa MaTpHii;bi {Qij{z)) ^ ^; b nameM cjiy^ae conpii- 
>KeHHaH CHCTeMa HMeeT bh;:; 



d 

dz 



( yi \ 

y2 

y-m-i 

■ 2/m 



-Ai + -A2 

z z — 1 



/ yi \ 

y2 



ym-i 
\ ym ' 



(33) 



r;;e 



( ° 


... 





-1 


... 








-1 ... 








... -1 






^m(/3) \ 
(7"m-l(/3) 
0-m-2(/3) 

^2(/3) 
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/O ... am{a) - (7m{(3) \ 

... am-iioi) - am-iif3) 

... a2(a) -cT2(/3) 

\0 ... cji(a) -cTi(/3) / 



IlepBbie m — 1 CTOJi5ri;oB MaTpniiBi A2 HyjiesLie, T.e. panr 9toh MaTpHii;i»i 

paseH m — 1. Cjie^osaTejiBHO, m — 1 coScTBenHbix aua'^euuw. A = MaTpniibi A2 

BXO^HT C KpaTHOCTBIO 1 B MHHHMaJIBHBIH MHOFOt^ JIBH. OcTaBineCCH CoScTBeH- 

Hoe SHa^eHHe coBna;i;aeT co cjie/ioM MaTpHiibi A2 h paBHo 7 = crii^a.) —ai{/3) = 

ai-\ \-am- Pi Pm- 

MaTpHiia Ai c to^hoctbio ;i;o snaKa HBJiiieTCii KAerriKou $po6enuyca (cm. [12, 
rji. 6, §6]); ee xapaKTepncTH^iecKHH MHoro^Jien paBen 

det(Ai - XE) = - aiX^-^ + asA"^"" + ■ ■ ■ + (-1)"^C7^) 

= (_l)-(A-/3i)(A-/32)---(A-/3^). 

no3TOMy coScTBeHHBie sna^eHHii MaTpnriBi Ai paBHBi Pi, ... , P^. 

JIemma 11. Ilycmb napaMempu Pi,...,Pm nonapno pasAUHHu n 7 ^ 0, 6 - 
nauMeuhmuu oGm^uu snaMenameAh hucca 7, . . . , Pm. Tozda cucmeMa (33) ydoe- 
Aemeopsrem ycAoeuw coKpam,eHUfr ^aKuiopuaAoe c nocmoMHHOu he^^^^'^'^, zde ^yuK- 
VgUff x{ ■ ) onpedeAfremcff 0opMyAou (5). 

/[OKASATEJibCTBO. CoScTBeHHOMy SHa^eHHK) Pj MaTpHii;Bi Ai OTBe^aex co- 

SCTBeHHMH BeKTOp 



'Cm-l(/3l, • • • , Pj-ljPj+1, . . . , Pm) \ 
Cm-2(/?l5 • • • , Pj-l^Pj+l, ■ ■ ■ , Pm) 



( ) 




t2j 




\ tjjlj ) 





ai(/3i, . . . . . . 

a-o(/3i, . . . , Pj-i,Pj+i, . . . , A 

r;i;e cri{-) - K09({)({)Hri;HeHT npn z'^~^~^ 



,m, 



B MHoro^Jiene 



{Z + Pi)---{Z + Pj-i){z + Pj+x) ■■■{Z + Pm). 

Hjih MaTpHiiLi nepexo;i;a T = {tij)ij=i^___^m nojio>KHM T — = (t/j)i,j=i,. 
Tor^a 

m ^ 

iij = (-1)^+^/3/-^ • n l,j = l,...,m, 



k=l 
k^l 



MaTpHiia Ai — T ^AiT ^HaroHajiBnaa, Ai — diag(/3i, . . . , Pm)^ a MaTpnija A2 = 
T~^A2T HMeeT bh;^ 



ai 



Ao = 



;i ... 1), aj = -{Pj-aj) Yl ^ _ J" , j = l,...,m. 
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SanHineM MaTpHii;t.i Q^'^^z), n = 0,1,2, ... , hs onpe^ejieHHii 3 CHCTeMu 
;i;H(|)(|)epeHii;HajibHbix ypaBHeHHii (33). CorjiacHO (23) h (27) HMeeM 



\dz z z — 1 J 

(*-^l/-^2)ni,n2 

2;"i(2; - 1)"2 ' 



= E " = 0.1.2 (34) 



r;i;e 



ni,n2^0 
ni+n2—n 



( 0, eCJIH ni < HJIH 77-2 < 0, 

ecjiH ni = 77,2 = 0, 

(Ui - ni + l)(*Ai,*A2)ni-l,n2 



+ ( ^2 - ^2 + 1)( Ai, A2)ni,n2-1 B npOTHBHOM CJiy^ae 



(cm. saMe^aHMe k TeopeMe 5). HeKOMMyTaTHBHOCTb MaTpnu; M.i,M.2 b TOK^^e- 
CTBax (34) He cnacaiOT ^a>Ke cooTHonieHHH 

1 _ /ni + 77-2 - A;\ 1 ^ f ni -\- n2 - k\ 1 

^ni+l(i_^)n2+l ~ n2 )^ ^1 ) (l--2)'=+'' 

fe — — 

77-1,77,2 = 0, 1,2, . . . . (35) 

Ilojiaraa 

Si = *Ii = diag(/3i, . . . , /3^), ^2 = *l2 = I • • • I (ai • • • Om), 




H3 (34) nojiy^aeM 

XT-QH(,)t)= 5] ^^tfri]?' 0,1,2,.... (36) 

"1,^2^0 

ni-i-n2=n 

3a(|)HKCHpyeM Tenepb napy ixejibix HeoTpHitaTejibHbix 7ii,7i2- B cjiy^ae 
7i2 = sHaMenaTejiB MaTpHixBi 



{BuB2) ni,n2 



(711 + 712)! n\\ 

corjiacHO jieMMe 9 ;;ejiHT &o Ilpibo ^^^^'^^ •'^^^ JiioSoro A; ^ 7ii = 7ii +712; 3;i;ecB 
6o = den(/3i,...,/3^). 

IlycTL., ^ajiee, 77-2 > 0. CorjiacHo peKyppeHTHbiM cooTHomeHHiiM j\jisi MaT- 
pnn; (i?i, i?2)ni,n2 (h {|)opMyjie (26) b cjiy^ae, Kor^a MaTpHiibi KOMMyTHpyioT) 
saKJiioMaeM, ^to MaTpHiia (i?i, i?2)ni,n2 npe^CTaBJiaeT coSofi cyMMy N = 
(711 + 712)1/(711! 712!) CJiaraeMBix, Ka>K;i;oe h3 kotopbix c tomhoctbio nopii;i;Ka 
MHOKHTejieii coBna;^aeT c {Bi)n^{B2)n2'- 

N 
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Cpasy OTMBTHM, MTO eCJIH XOTil 6m O^Ha H3 KBaApaTHMX MaTpHU; Xi H X2 Aii- 

aronajibHa, to rjiasHue ^^HaronajiH MaxpHri; X1X2 h X2X1 cosna^^aiOT. IIocko- 
jiBKy MaTpHii;Ki Bi — IE, I = 0, 1, . . . , ni — 1, AHaronajiBHu, rjiaBnaii Anaro- 
HajiB Ka>K^oro cjiaraeMoro b (37) coBna^aeT c rjiaBHoft ^MaronajiBio MaxpHiiiBi 
(i?i)ni (-62)712 • MaTpHita B2 y^oBJieTBopaeT cooTHonieHHio 

5| = (ai + • • • + am)B2 = TrB2-B2 = 7^2, 

(7 - I)n2-l52 H 



OTKy;i;a (S2)n2 

(Sl)„,(S2)n2 = (7-l)n2-l 



/ ai(/3i)ni 



a2{(^i)m 

02(/32)ni 



(38) 



m/ni 



02 (/?m) 



m/ni 



PaccMOTpHM jiio6oe h3 cjiaraeMBix B = B^'^\ 1 ^ r ^ N , bxc^hiuhx b (37). 
MnoKHTejiB Bi — jE b btom cjiaraeMOM noiiBJiiieTCii jieBee (x.e. no3;i;Hee) 
MHO>KHTejiii Bi — IE Tor^^a h tojibko Tor;i;a, Kor^a j > I; to jkc caMoe mo>kho 
CKasaxb o nopa^Ke noHBJieHHH b B MHO>KHTejieii B2 — jE h B2 — IE. BBi^eJiaa 
nepBoe (h e^HHCTBeHHoe) noHSJieHHe MHO»CHTejiH B2 b cjiaraeMOM B, naxo^HM 



B = X-B2- {B^)s = X 



X2 




(oi(/3l)s a2{P2)s ■ 

/ ai{(3i)sXi a2{(32)sXi 



ai ... am) ■ diag((/3i)s, . . . , {Pm)s) 



Ms) 



Q-m (/3m) s-^l ^ 
{Pm)sX2 



ai{l3i)sX2 a2{l32)sX2 

sXm 0,2 

CpaBHeHHe rjiannbix ^HaroHaJieii MaTpHu; (38) h (39) ^aeT 

Xl = {1 - l)n2-l • (A - s)ni-s, Z = 1, . . . , m. 

TaKHM oSpasoM, Ka>K;i;oe cjiaraeMoe, Bxo^iHmee b (37), HMeex bh;^ 
B={^-l)n,-i-(a^{(5^)s{(5i-s) 



(39) 



/ni—s 



^jifl HCKOToporo s, ^ s < ni. Hojiaraa a — den(ai, . . . , am), b — den(7,/3i, . . . , 
(^m), Qk - HaHMeHBmee oSmee KpaxHoe ^iHceji 



k\ 



kolkilk2l 



^0,^15^2 = 0,1,2,..., ko + ki + k2 = k, 



(40) 



M y^HTBiBaa ycjioBHe 7 7^ 0, corjiacHo jieMMe 9 nojiy^aeM, ^ito HaHMeHBinHii 
oSmHH sHaMenaTejiB 9JieMeHTOB MaxpHiiL.! 



75 



si (ni — s)! ^2! 



75 
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^ejiHT 



p\b 



(41) 



jiioSoro k ^ 77-1+77,2; BBH^iy npoHSBOJibHOCTH BuSopa CJiaraeMoro B 
B cyMMe (37) saKJiio^aeM, ^ito HaHMeHbniHH o5iii;hh SHaMenaTejib ajieMCHTOB 

MaTpHItbl 



n2 



AT 

E 



7S 



(r) 



(771 +772)! ^ {ni +712)! 

TaKJKe ^ejiHT ^^hcjio (41) ^Jia jiioSoro k ^ ni +72,2- 

CTeneHb BxoH<^eHHH npocToro p b Ka^^oe mhcjio (40) corjiacHO (4) paBHa 



Tp{k) - Tp{ko) - Tp{ki) - Tp(/C2) = 

ko,ki,k2 = 0,1,2, 



00 

m=l 



k 




ko 




ki 




k2 














pTn 



(42) 



, ko + ki + k2 = k. 
CyMMHpoBaHHe b (42) npoHCxo;^HT tojibko no ttt- ^ [logA;/logp]; KpoMe Toro, 

[^0 + + 6] - [Ci] - [6] - [6] ^ 2, Co, 6, 6 e K- 

Cjie^^OBaTejiBHO, Bcex npocTLix p ^ k BbinojiHeno 



log k 



logp 



^ 2 



log k 
logp' 



Tp(k) - Tp(ko) - Tp(kl) - Tp{k2) ^ 2 

fco, A;2 = 0, 1, 2, . . . , kQ + ki + k2 = k. 
Bth HepaBencTBa ;^aiOT oitenKy 

Qk ^ log fc/ logp ^ g27i-(fe)logfc^ 

r^e 7r(/c) - KOJiH^iecTBO npocTbix, ne npeBOCxo^amnx /c, OTKy^a 

r — l/fc ^ 2 
hm 5r^' ^ e . 

fe— >oo 



(43) 



C yneTOM nojiyi^eHHoro npe^eJibHoro cooTHomeHHH, TO>K^ecTB (36) h jicmml.! 5 
Mbi nojiyi^aeM, ^to cHCTCMa o^Hopo^Hbix /],H(|)(|)epeHii;HajibHt.ix ypaBHOHHii (33) 
y^^OBJieTBopiieT ycjiOBHio coKpamenHii (|)aKTopHajiOB c nocTOiiHHOH he^^^^'^'^ . 
JleMMa ^^OKasana. 

Samemahme 1. IIoBTopiiii npHBe;i;eHHbie paccy>K;i;eHHii b cjiy^ae 7 = 0, ^^Jiii 
jiioSoro CJiaraeMoro b (37) nojiy^aeM 

B = {-ir-\n2 - 1)! • (a,(/3,).(A - «)n,-.), . ^ 

^ /i,j=l,...,m 

c HeKOTopuM s, ^ s < Til, OTKy^a HaHMeHbniHit o6in;HH SHaMenaTejib sjieMen- 
TOB MaxpHriiLi 
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^jia jiioSoro k ^ ni + n2 ^cjiht 

dk9k-ab''Ylp^-^''\ 

p\b 

rfl,e df~ — HaHMCHbinee oSmee KpaxHoe ^iHceji 1,2, . . . , k. C y^eTOM npe^^ejibHux 
cooTHomeHHii (18) h (43) coKpamenHe (|)aKTopHajiOB b 3tom cjiy^ae npoHCxo- 

flyiT C nOCTOilHHOH 

Samemahhe 2. HoKasaTejibCTBO jieMMLi 11 ro;i;HTCii ^^Jiii no^^c^eTa (toh 
>Ke caMoii) nocTOiiHHOH, c KOTopoft npoHcxoAHT coKpameHHe (|)aKTopHajiOB y 
Hcxo^Hoii Heo^iHopo^^HOH CHCTeMLi (32) B cjiy^ae nonapno pasjiH^iHLix napa- 

MeTpOB (3l,...,(3m- 

Cjie^yiomHe yTBepjK^enHii OTHOCiiTCii k apH(|)MeTH^iecKHM h ajireSpan^iec- 

KHM CBOiiCTBaM (|)yHKIi;HH (29). 

JIemma 12. Ilycmb 61,62 - SHaMeHameAU hucca a,(3 E Q \ { — 1, — 2, . . . }; b - 
HauMCHbiuee o6vji,ee Kpamnoe hucca 61,62- 06o3naHUM nepes <^fc e N, A; e N, 
nauMeuhmuu o6m,uu maMeHameAb pav^uoHaAbHux hucca 

n = Q,l,...,k. 



(-/3)n' 

Tozda 

fe— »oo 6 

zde 

''W = J^ E h ^('')= El. f-^N. (44) 

(n,b) = l (n,b) = l 

/[OKASATEJibCTBO. HaHMeHbniHe oSmne SHaMenaTejiH ^iHceji 
{-a)n, n = 0,l,...,k, {-P)n, n = 0,l,...,k, 
paBHbi cooTBeTCTBeHHO 6f H 62- HaHMeHbniHH oSmHH SHaMenaTejib MHceji 

1 



/n 



n = 0,1, . . . ,k. 



paBBH HaHMeHbmeMy oSmeMy KpaxHOMy dk ^Hceji 

— a + 62(n — 1), n=l,...,k, a = 62/? G 
CorjiacHo [16, jieMMa 3.2] cnpaBe^iJiHBa oii;eHKa 

Tjifi (|)yHKii;Hii p( • ) onpe;i;ejiiieTCii paBencTBOM (44). Bto ^^OKasbmaeT jieMMy. 
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JIemma 13. Ilycmb qi,q2 - npouaeedeHUfr maMeHameAeu uuceA ai, . . . , 
u Pi,...,Prn coomeemcmeeHHo; b - HauMeuhmee o6xu,ee npamHoe hucca qi,q2', 
bij...,bm - 3HaMenameAU hucca (3i, . . . , (3m coomeemcmeeHHo. Tozda ^yHKV,ufr 
(28) npuHadABOfcum KAaccy G(l,$), zde $ = e^^^i^+ ' +^^^'^^gi/6. 



XlOKASATEJibCTBO. Oii;eHKa BejiH^iHHBi ^> BbiTeKaeT h3 jieMMbi 12. IIocKOJib- 



lim 

n— >oo 



;-A), 



n! 



l/n 



= 1, 



A^{-l,-2,...}, 



oSjiacTb cxo;;hmocth pii^a (28) - Kpyr \z\ < 1. JleMMa ;i;oKa3aHa. 
JIemma 14. Ecau f{z) e G(C, $), mo 6f{z) e G(C, $), zde S = z-^. 
/[OKASATEJlbCTBO. Bto yTBep>K;5eHHe OMeBH;i;HO. Ecjih psiA Teftjiopa 



n=0 

(|)yHKu;HH f{z) cxo^HTCH B Kpyre \z\ < C, to b 9tom me Kpyre cxo^htch pnA 

oo 

5f{z) = Y,nfnZ^. 



n=l 



Ecjih nocjie;i;oBaTejibHOCTb HaTypajibHLix ^iHceji {(pk}k&^ BuSpana xaK, mto 

^kfn^'^, n = 0, 1, . . . /c e N, 



TO 

fk'iT'fn £ ^) n = 0, 1, . . . , A;, A; e N. 

TaKHM oSpasoM, df{z) G G(C, $), t^to h TpeSoBajiocb ^lOKasaTb. 

CjiexiCTBHE. Ilycmb qi,q2 - npouaeedenuH maMenameAeu hucca ai, . . . , am 
u /3i,...,(3m coomeemcmeeHHo; b - HauMCHhrnee oBvj^ee Kpamnoe hucca qi,q2', 
bi,...,bm - SHaMCHamcAU hucca Pi,...,Pm coomeemcmeeHHo. Tozda coeonyn- 
Hocmb ^yHKU,uu (29) npunadAcotcum KAaccy G(l,$), zde $ = e^*^^^^"' ^P^^'^^qi/b. 

JIemma 15. BponcKuan {onpedcAumcAb Mampuu,bi ^yndaMeHmaAbHou cucme- 
Mbi pemcHuu) W{z) auhcuhozo odnopodnozo du0^epeHU,uaAbHozo ypaencHu^r 

{{S + pi)---{6 + pm)-z{S + ai)---{6 + am))y = 0, '^ = ^^' (45) 
nopfrdna m ydoeAcmeopfrem du^^epeHU,uaAbHOMy ypaencHuio 

{{6 + (3) - zi5 + a))y = 0, « = ai(a), /3 = cti(/3), (46) 
u, CAcdoeamcAbHO, dAfr pau^uoHaAbHux a, P freAfremcfr aAze6pauHecKou ^yHKU,ueu: 
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ZlOKASATEJlbCTBO. BpoHCKHaH W{z) /i;H(|)(|)epeHii;HajibHoro ypasHeHHii (45) 
coBna;i;aeT c BpoHCKHanoM CHCTeMLi jiHHeiiHKix ;5H(|)(|)epeHii;HajibHLix ypaBHeHHii 

—yi = -yi+i, / = l,...,m-l, 

az z 

_ 0-i(/3) - Zai{o) , 0-2 - ^0-2(0:) ^ 0-m(/3) - Z(7rn{<^) 

dz^"^' Z{Z-1) ^"^^ ^(^-1) 2/m-l + ---+ yi. 

(48) 

CorjiacHO TeopeMe JIhyehjijih [17, rji. 3, § 27, n. 6] oh y;i;oBJieTBopiieT ypaB- 

HeHHK) 

j-^y^T,Q{z)-y, (49) 

r;^e T^Q^z) = {(3 — za)/{z{z — 1)) - CJie^ MaTpHri;bi CHCxeMBi (48). YpaB- 
HeHHe (49) Momno nepenHcaTb b BH^e (46). Ero pemeHHe (47) naxo^^HTCii 
Henocpe^CTBeHHMM HHTerpHpoBanHeM. 

C(|)opMyjiHpyeM neKOTopbic jiocTaTO^Hbie ycjiOBHii h3 [18] na napaMeTpu 
(})yHKii;HH (28) ^jih Toro, mtoSbi ^yaKoj/m (29) 5i»ijih ajireSpan^iecKH nesaBH- 
CHMbi Ha/i nojieM 'C{z): 

1) AUHeuHOfT HenpueoduMocmb: ai — (3j ^ Z ^jih Bcex l,j — l,...,m; 

2) HenpueodvMocmb Bcaozo [18, rji. 3, jieMMa 3.5.3]: jiio6oh napu 
HaTypajibHMx ^iHceji 1711,1712, mi + m2 = m, ne cymecTByeT ^iHceji 
u,v TaKHx, ^iTO jihSo 

, . f U U + 1 U + nil — 1 V V + 1 V + 17l2 — 1 

[ai, a-i, . . . ,Q;m) ~ — , , • • • , , — , , • • • , 

\mx m\ nil ^2 ni2 m2 

,n o o \ fu + v •u + f + l u + v + m- l 

[Pl, P2, ■ ■ ■ , Pm) ~ , 

\ m m m 

jihSo 

, . iU + vu + v + 1 u + V + m — 1 

{ai,a2, . . . ,am) ~ 

{Pi, P2, ■ ■ ■ ,Pm) 

nil fni mi m2 m2 m2 

3) KyMMepoecKOfT HenpueoduMocmb [18, rji. 3, jieMMa 3.5.6]: ne cymecT- 
ByeT ;i;ejiHTejiii mo ^ 2 MHCJia m TaKoro, mto 

(ai, 0:2, . . . , Q!m) ~ Q!i H , Q!2 H ,...,am-\ , 

\ mo mo mo J 

/II 1 

{Pl,P2,...,Pm) [Pl + ,P2+ ,...,Pm+ 

V mo mo mo 

4) 27 ^ Z, r^e 7 = ai + ■ ■ ■ + - /3i pm- 

SanHCL. (Ai, . . . , A^) ~ (A'^, . . . , A^) oanaMaeT, mto ^jih HeKOTopoft nepecTanoB- 

mo L TTT-^TX "Tl /" » /\ "V / I /»00 nT TTT<" A TTTT^TT/~» 



mm m 
u u + 1 u -\- mi — 1 f t; + l f + m2 — 1 
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JIemma 16. Ilycmb uucAa cui, . . . , (3i, ■ ■ ■ , fim G Q\ {—1, —2, . . . } ydooAem- 
eopsriom ycAoeusTM 1)^). Tozda 0ynKVi,uu (29), zde f{z) onpedeAfremcfr pfrdoM (28), 
aAze6pauHecKU HeaaeucuMU Had uoacm C{z). 

/[OKASATEJlbCTBO. CorjiacHO [18, rji. 3, TeopeMa 3.5.8] b cjiy^ae Bbinoji- 
HeHHii ycjiOBHii l)-4) rpynna Fajiya o;i;Hopo;i;Horo jiHHeiiHoro /iH({)(|)epeHii;Ha- 
jiBHoro ypaBHeHHH (45) nopa^Ka m H30Mop(|)Ha rpynne SLm(C). 9to osHai^aeT, 
T^TO (|)yHKi];HH, Bxo^amHe b (|)yH^aMeHTajii>Hyio cHCTeMy peineHHH ypaBHeHHH 
(45), CBiisaHM e^^HHCTBeHHMM ajireSpaHMecKHM cooTHomenHeM na^i; nojieM C{z) 
— onpe^ejiHTejib btoh (|)yH;5aMeHTajibHOH CHCTeMbi pemenHH iiBJiiieTCii ajireS- 
paH^ecKoii ^ymmnevi (jieMMa 15). Cjie;i;oBaTejii>Ho, ccjih g{z) - jiioSoe neTpn- 
BHajibHoe pemeHHe ypaBHeHHH (45), to {|)yHKn;HH g{z),Sg{z), . . . ,6'^~^g{z) aji- 
reSpaH^iecKH nesaBHCHMbi na^ C{z). Hs TeopeMbi HecTepenKo [19, TeopeMa 2] 
(cm. TaioKB [14, rji. 9, §6, TeopeMa 2]) cjie^eT, mto jihSo ^yuKixtm (29) ajire- 
SpaH^iecKH HesaBHCHMM Ha;; 'C{z), jihSo Bce ohh npHHa;;jie»;aT C{z). BTopoii 
cjiyT^aii HeB03M0>KeH, nocKOJiBKy (|)yHKri;HH (28) ne HBJineTCH parnHonajibHOH. 
JieMMa ;i;oKa3aHa. 

Teopema 6. Ilycmb napaMempu cti, . . . , am u Pi, . . . , f3m ^hkv,uu (28) ydoe- 

Aemeopfrwm ycAoeuffM l)-4), . . . , I3m nonapno pasAUHUu, ^ - ueKomopoe pav,u- 
onaAbHoe hucao, ^ = 0, = den^ G N, ue <l/{m + 2) - npouseoAbuafr 

noAootcumeAbHa^ nocrno^HHOfr. OdosnauuM uepes bo HauMeubmuu odWfUU anaMe- 
HameAb hucca 'j, Pi, . . . , Pm, nepes qi u q2 npouseedeHiisr maMeHameAeu hucca 
ai,...,am u Pi,...,Pm coomeemcmeenno, uepes b nauMeubmee o6m,ee Kpam- 
Hoe HuceA gi, q2, nepe3 H MaKcuMyM ModyAfr KO300uv,ueHmoe MuozoHAenoe (31). 

nOAOOtCUM $ = e/'(den/3i) + -+p(den/3^)^^y^^ 

Co = (86oife^(''°)+^)^^^~'°^^-'$^+=+(^-^"'-^)^)/^^"'^'""^)'), 
(l + e) loga2 + logCo 



Vo = 



(1 — (m + 2)e) loga2 — log Co — (2 — (m + l)e) log |ai| 



zde cj)yHKV,uu x( • ) u p{-) onpedeAfnomcfr 0opMyAaMU (5) u (44) coomeemcmeeHHO. 
EcAU dAM aadauHozo ^ ebinoAneno ycAoeue rjo > 0, uhumu CAoeaMU, ecAU 

l-(m+2)e . ^ I |2-(m+l)e 

mo HUCAO /(^) uppaVfUOHaAbHO. BoAce mozo, dAfr aioBozo rj > r]o u npouaeoAbuux 
p & 'Z, q & N, q > q*{^,e, rj), cnpaeedAuea ou^eHKa 



/lOKASATEJTbCTBO. IlycTb To{z) — bT{z) = bz{z — 1) - o5mHH sHaMenaTejib 
CHCTeMbi ^H(|)(|)epeHH;HajibHbix ypaBHCHHii (32), KOTopoii y^^OBJiCTBopniOT co- 
BOKynHOCTb (|)yHKri;HH (29) h3 KJiacca G(l,$) (cm. cjie^^CTBHC h3 jieMMu 14); 

npH 3TOM 



1 1 
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Tor^a 

max<^ degTo - 1, max{deg ToQ/j} ^ = 1, max<^ H{TQ),max{H{ToQij)} \ = bH. 
I 1,3 ) L l,j ) 

Ms ycjiOBHH 4) cjie/iyeT, t^to 'y ^ 0. CorjiacHO jieMMe 11 coKpamenHe (|)aK- 
TopnajiOB CHCTeMu ;^H(|)(|)epeHri;HajibHi»ix ypasHeHHii (33), conpiiHieHHofi k 
OAHopo^^Hoii MacTH cHCTeMbi (32), npoHCxo^^HT c nocTOHHHoii = boe^^^°^'^'^ 
(c nocTOHHHoii \1/ = boe^^^^^^'^ /b, ecJiH b onpe^ejieHHH 3 MHoroT^Jien T{z) aa- 
MCHHTb Ha To (2)). Hs jieMML.1 16 cjie^eT ajireSpaH^ecKaa HeaaBHCHMocTt 
(|)yHKLi,HH (29) Ha/i, nojieM C{z). IIpHMeHiiii xenepB ocHOBHyio TeopeMy h nepa- 
BBHCTBa (0.9) H3 paSoTbi [16], nojiy^aeM xpeSyeMoe yTBep>K;^eHHe. 

7. CoKpameHHe (J)ciKTopHajiOB /i;jih JiHHefiHbix o/ipopo/ipbix /ija(j|)(j|)epeH- 
ii;iiajiBHmx ypaBHeHHH c nocTOJiHHfciMH K03({)({)iiii;iieHTaMii. PaccMoxpHM 
CHCTCMy jiHHeHHMx o^^Hopo^^Hbix ;i;H(|)(|)epeHii;HajibHBix ypaBHeHHH 

d 

■^yi = ^Aijyj, Z = l,...,m, A/j e C, i,j = l,...,m, (50) 
H CBiisaHHbiH c Heii ^H(|)(|)epeHn;HajibHBiH onepaTop 

m m ^ / . . . Aifn \ 

^=[^]-EE^^.^.-^' ^= • (51) 

TaKHM oSpasoM, c KayKflflvi MaTpHijeH A mo>kho CBiisaTb ;^H(|)(|)epeHH;HajibHBiH 
onepaTop [A] corjiacHO (|)opMyjie (51). Otmbthm, npe»;;i;e Bcero, cbohctbo 

JIHHeHHOCTH 

[XiAi + X2A2] = Xi[Ai] + X2[A2i Ai, A2 e C, 

^^jiii jhoSmx KBa;i;paTHLix MaxpHH; Ai h A2 pasMepa m. 

ILjisi AH(|)(|)epeHH;HajibHbix onepaTopoB [A] h [B] bbb^^cm onepaH;HH (|)opMajib- 

HOrO yMHOKCHHil 

(mm p. \ / m m a \ 

1=1 j=i ^j=i k=i 

m m X m \ ^ m \ 



H KOMnOSHIIHH 

m m 



i=l fe=l j=l 



mm m q /mm q ^ / m m q 

i=i fc=i z=i ^' ^i=i fc=i \z=i j=i y« 



m m m r^ m m / m 



'^i^B.uyu ^ + E E (E j (E ^ikyu ) 
1=1 k=i i=i 1=1 i=i ^j=i ^ ^k=i ^ ^* 

\ ^■D^ t \ A^ r di 
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B.B. SyUHJIHH 



IIOMHMO O^eSH^^HOH aCCOHIHaTHBHOCTH Ka>KAaiI H3 9THX OnepailHH ^HCTpHSy- 
THBHa OTHOCHTeJIbHO CJIO>KeHHiI. KoMMyTaTHBHOCTb HMeBT MCCTO TOJIbKO ;i;JIiI 

onepaniHH (|)opMajibHoro yMHO>KeHHii, xoTii nopii^^OK MHOKHTejieii b komhosh- 
ii;hh 

An = {[A] - n + 1) o {[A] - n + 2) o . . . o {[A] - 1) o [A] (52) 

He HMeeT sHaT^eHHH. Otmbthm TaioKe ";^H(|)(|)epeHri;HajibHoe cbohctbo" one- 
paitHH KOMno3Hu;HH: 

[B] o {[A,] . [A^]) = m o [A,]) . [A,] + [A,] . i[B] o [A,]). 

IIo^ [A]"- 5y^eM noHHMaTb (|)opMajibHoe npoHSBe^eHHe n onepaTopoB [A]. 

OnPE/lEJTEHME 4. CKa>KeM, MTO du(p(pep eHij,uaAbHuu onepamop (51) (hjih cuc- 
mcMa ypaeueHuu (50)), OTBCMaiomHH MaTpHLi,e A, ydoejiemeopfrem ycAoeuw 
coKpavj^eHUjr ^aKuiopuaAoe c nocmomuou \E' ^ 1, ecjiH cymecTByeT nocjie^oBa- 
TejiBHOCTb HaTypajibHMx ^iHceji {^/'/clfceN TaKaa, ^to onepaTopu 

-ipk^An, n = 0,l,...,k, keN, (53) 
nl 

nepeBOAHT KOJibri;o . . . b ceSii h 

k—*oo 



JIemma 17. JJjifr du00epeHi^uaAbHozo onepamopa (52) eunoAHeno mooicdecm- 



eo 



nl 



Sl,S2,---,S„^0 

8i+2s2-\ \-n8n=n 



Si! 



1 




S2 


1 






2! 









(54) 



zde cuMGOA ( • )n onpedeAfTemcfT ^opMyAou (1). 



XlOKASATEJlbCTBO npoBe^eM HH^iyKiiHeH no n. Basa HH;^yKii;HH n = 1 o^e- 
BH^^na. IlycTb TO>K;i;ecTBO (54) cnpaBe;^JiHBO 3a;i;aHHoro n. IIojiokhm 



U{s,,S2,...,Sn) = —r[AY' 



Si! 



1 




S2 


1 






2! 






n! 



(55) 



H nepennmeM (54) b bh^^b 



I An — 

nl 



^ C/(S1,S2, •••,Sn) 

n 

n 

t/(si,S2,---,Sn,Sn+l) 



si+2s2H |-ns„=n 



Sl,S2,...,S„,S„ + 1^0 

si+2s2H l-nsn + {n+l)sn+i=n 



(sfljaCb, O^eBH^^HO, Sn+l = 0). IIoCKOJIbKy 



/T/ii „■^„r//l\l_r/1l i/ a\ i < i/ a\ i 
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HMeeM 

{[A\-n)oU (Si, S2, . . . , Sn, Sn+l) 

= {Sl + 1)U{SI + 1, S2, ■ ■ ■ , Sn, Sn+l) 

+ 2{S2 + l)U (Si - 1, S2 + 1, S3, . . . , Sn+l) 

+ 3(S3 + 1)U (Si, S2 - 1, S3 + 1, S4, . . . , Sn, Sn+l) H 

S-n—lj Sn l,Sn+l + 1), 

^0, Sl + 2s2 + h nsn + (n + l)s„+i = n. 

no3TOMy 

1 , _ [A]-n ]_ 



(n + 1)! n + 1 n!" 

= ^^^t/(si + l,S2,...,Sn,Sn+l) 

8l+2s2-\ \-n8n + {n+l)8n+i=n 

+ (5.^ - 1, S2 + 1, S3, . . . , S„, Sn+l) H 

n + 1 

(n + l)(Sn+l + l),w ^ 
H — ; t/(Sl, S2, . . . , Sn_i, Sn - 1, S^+l + 1) 

n + 1 

s; + 2s^2 + ---+ (^+1)4+1 ,,, / , / . 

s'i+2s^ + --- + (n+l)s;_^i=n+l 
= 5^ ^(^1) • • • ) *n+l); 

Sl)S2'---'''n + l^'-' 

s'i+2s^+---+(n+l)s^_^i=n+l 

MTO osHa^aeT cnpase^iJiHBOCTb TO>K;5ecTBa (54) ^jih n+ 1. JleMMa ;i;oKa3aHa. 

JIemma 18. EcAU Koa^^ui^ueHmu Mampuv^u B i^eAOHUCAeHHU, mo du^^epen- 
VgUaAbHuu onepamop [S]*/s! nepeeodum KOAhVi,o Z[yi, . . . e ce6^. 

/[OKASATEJibCTBO. SannmeM ;i;H(|)(|)epeHii;HajibHbiH onepaTop [B\ b bh^^b 

m ^ m 

1=1 j=i 

Tor^a ^H(|)(|)epeHi];Hajit.Ht.iH onepaTop 



S! 



ZlH h'r7i,=S 



nepeBo^HT KOJii.11,0 Z[yi, . . . ,ym] b ceSa, TaK KaK sthm cbohctbom oSjia^aiOT 
onepaTopu 

1 a'^ 

(npHMep 1), H, KpoMe Toro, 



3 

JleMMa aoKasana. 



\}' e Z[|/i,...,yn,], J = l,...,m. 
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B.B. SyUHJIHH 



JIemma 19. Ilycmb si, S2, . . . , s/c ^ i^eAue Heompuv,amejibHue Hucjia, p - npoc- 
moe HUCAO. Tozda 

SiTp(l) + S2Tp(2) H h SkTp{k) ^ Tp{si + 2^2 H h /cSfc), (56) 

zde Tp{k) - cmeneub exoofcdemifr hucag p e k\ (cm. (4)). 

/[OKASATEJibCTBO. Otmbthm, npe>K;^e Bcero, mto ;i;eHCTBHTejibHbix ^i, 
. . . HMeeT MecTO HepaseHCTBO 

rjie [■] - iiejiaa MacTb MHCJia (cm. [2, ot;;. 8, rji. 1, §1, sa^^a^a 7]). OTCio;i;a 
CJie^eT, MTO 

si [a] + S2 [6] + • • • + Sfe [a] ^ [sia + + • • • + Sfc^] • (57) 

Hocjie^oBaTejibHo no^CTaBJiaa b (57) snaMeHHa 

n n n 

Sn — ) "5" 7 • • • ) 77- = i, . . . , /C, 

P P'^ 

H cyMMHpyii nojiyMeHHbie HepaBencTBa, corjiacno (|)opMyjie (4) nojiy^acM (56). 
JleMMa ;i;oKa3aHa. 

Teopema 7. Ilycmb du^^epenviiUaAbHbiu onepamop (51) omeeHaem pav,uoHaAb- 
Hou Mampuij,e A, den A = b, MUHUMaAbHuu MHOzouAen Komopou ne UMeem Kpam- 
Hbix Kopneu; ti,t2 - nauMeubmue o6w,ue maMenameAU aAeMenmoe Mampui^ T u 
coomeemcmeeHHO, zde T - Mampui^a nepexoda om A k ee ofcopdaHoeou 
HopMaAbHou 0opMe. Tozdtt onepamop [A] ydoeAemeopfrem ycAoeuio coKpaw^eHiLfr 
^QKmopuQAoe c nocmomiHou 

/[OKASATEJlbCTBO. IlycTb k - npoHSBOJiBHoe HaTypajiBHoe ^ihcjio. Co- 
rjiacHO jieMMe 9 MaTpHii;bi 

tit26"n^^"^^"^-^' n = 0,l,...,A;, 

p\b 

HMeioT ii;ejioT^HCJicHHL.ic 9JICMCHTL.I. IIogTOMy H3 jicMMBi 18 CJie^^yBT, ^iTO jxyi^- 
(j)epeHij;Hajii.Hi,iH onepaTop (55) nocjie yMHOHieHHH na 

{tlt2)"'b"' j^p*i'^p(^)+*2Tp(2)H |-s„Tp(n) ^gg^ 

p\b 

nepeBo^HT KOJit.ii;o Z[2/i, . . . ,ym] b ceSa. HocKOJibKy Si+2s2 + - ■ ■+nsn — n ^ k, 
H3 jieMMLi 19 CJie^iyeT, ^ito ^ihcjio (58) ^lejiHT 

il^k = {tit2)''b''llp^-^''\ 
p\b 

IIpHMeHHM TO»;;i;ecTBO jicmmbi 17. Hjisi nocjie;i;oBaTe:iL.HOCTH {'i/'fclfeeN onepa- 
Topbi (53) nepeBo^HT kojibiio Z[yi, . . . , j/^] b ceSa. OitenKa (18) saBepmaex 
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Samemahhe. C CHCTeMoii ^H(|)(|)epeHn;HajibHi»ix ypasHeHHii (8), (12) (|)yKCOB- 
CKoro THna CBiisaH ;i;H(|)(|)epeHri;HajibHKiH onepaxop 

D = :r + ^1 + • • • + • 

Bto oScTOiiTejibCTBO nosBOJiiieT c noMombio TeopeMbi 7 ^^axb ;i;pyroe ;i;oKa3a- 
TejibCTBo TeopeML.1 5 b cjiy^ae nonapno KOMMyTHpyiomHx MaTpHu; Ai, . . . , Ag, 

MHHHMaJIL.HL.IH MHOrOMJICH Ka>K^OH H3 KOTOpblX He HMeeT KpaTHblX KOpHeH. 

IIpH 3TOM, o/iHaKo, HOJiyMaeTCii necKOJiBKO xy^^maii (no cpaBnenHio c xeo- 
peMoii 5) nocTOiiHHaH 
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